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Abstract. We consider a scalar ¢4 theory on canonically deformed Euclidean space in 4 dimensions with an
additional oscillator potential. This model is known to be renormalisable. An exterior gauge field is coupled
in a gauge invariant manner to the scalar field. We extract the dynamics for the gauge field from the diver-
gent terms of the 1-loop effective action, using a matrix basis and propose an action for the noncommutative
gauge theory, which is a candidate for a renormalisable model.

PACS. 11.10.Nx; 11.15.-q

1 Introduction

Feynman rules for quantum field theory over noncommuta-
tive spaces lead for planar diagrams to the standard renor-
malisation problem, for non-planar ones an additional
problem running under the name of infrared/ultraviolet
mixing shows up.

In a previous work [1,2], the structure of divergences
is studied carefully, and it is realised that the expanded
model with four marginal operators leads to a renormalis-
able theory:
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This model fulfills the Langmann—Szabo duality [3] which
motivates the added term. There are various proofs of
renormalisability available [4, 5]. Similar results for fermion
models have also been obtained by the Paris group [6]. We
restrict ourselves to the canonical Euclidean space with
constant commutation relations

[x# x V] = 6", (2)

where #7 = —7" ¢ R, and the *product is given by the
Weyl-Moyal product

igry 0, 0,
T f(2)g(y)], ., - (3)
The differential calculus is generated by

Ouf = —ilTu, fl, -

fxg(z)=e
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In order to obtain the action for a gauge theory, which
hopefully is renormalisable, we extract the divergent terms
of the heat kernel expansion. Such a procedure leads in the
commutative case to a renormalisable gauge field action.
We introduce the local, unitary gauge group G under which
the scalar field ¢ transforms co-variantly like

prutkpku, ueg§. (4)

The approach employed here makes use of two basic
ideas. First, it is well known that the x-multiplication of
a coordinate — and also of a function, of course — with a field
is not a co-variant process. The product z* x¢ will not
transform co-variantly,

2t xdp-»utxxtxpxu.

Functions of the coordinates are not effected by the
gauge group. The matter field ¢ is taken to be an element
of a module [7]. The introduction of co-variant coordinates

X, =3,+A4A, (5)

finds a remedy to this situation [8]. The gauge field A,, and
hence the co-variant coordinates transform in the following
way:

Ay = iu x0putux Ay xu, (6)
X, o u'x X, xu.

Using co-variant coordinates we can construct an action in-
variant under gauge transformations. This action defines
the model we are going to study in this article:
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Secondly, we apply the heat kernel formalism. The
gauge field A, is an external, classical gauge field coupled
to ¢. In the following sections, we will explicitly calculate
the divergent terms of the one-loop effective action. In the
classical case, the divergent terms determine the dynamics
of the gauge field [9—11]. There have already been attempts
to generalise this approach to the non-commutative realm;
for non-commutative ¢* theory see [12,13]. First steps to-
wards gauge kinetic models have been done in [14-16].
However, the results there are not completely comparable,
since we have modified the free action and expand around
—V?2 4 2272 rather than —V?2.

A few days ago, A. de Goursac, J.-C. Wallet and R. Wul-
kenhaar [17] published a paper where they computed the
effective action for a similar model in coordinate space.
They have evaluated relevant Feynman diagrams and ob-
tained the same results as presented here.

We note that the general formalism developed by
A. Connes and A. Chamseddine [18] cannot be applied
here, since in our case a tadpole contribution shows up,
which is supposed to vanish in their work.

As we will see, order-by-order contributions of the em-
ployed method are not manifestly gauge invariant. But
they combine in the end and provide gauge invariant re-
sults. In this paper we will discuss the case 2#1in D =4
in detail, for the interesting special case {2 =1, we refer
to a subsequent paper [19] and to a recent conference re-
port [20].

In the following two sections, we describe our model and
the employed method of extracting the singular contribu-
tions of the one-loop action in detail. In Sect. 4, we sketch
the explicit calculations. The results are summarised in
Sect. 4.5 and discussed in the final section.

2 The Model

Let us start from the action (7)

= fate (jer[Ralio] |+ For i {ie) ),

A
+ 7¢*¢+ $¢*¢*¢*¢> (2) .
The expansion of S yields

S:SO+/d4x%¢*(2iA”*8l,¢—2iay¢*A”
+2 (1+ 2°) Ay % A" % ¢ —2 (1— 2°) A, * px A”
+2 2% {Z,, (A" xp+p* A")},) , (8)

where Sy denotes the free part ot the action independent
of A. Now we compute the second derivative:
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+ (1+02%) px A, x AY

+202% (&, (A xp+ Y% AY) + (Z,- ) x A+ A % (Z,-9)) ,

9)

where

(10)

0 0?
0 _ — —
H = 2 ( Oz, 0x"

+402%5,5 + )

The oscillator term is considered as a modification of
the free theory. We use the the following parametrisation
of 0,

0
00
6.0) 0ol
90
0 —1/6
(16 0
(0,) 0 —1/6
16 0

We expand the fields in the matrix base of the Moyal
plane,

= Z ququ(x)

p,qEN2

T) = Z Ppq fpa(T)
p,qEN2

T) = Z Upq fpq () (11)
p,gEN2

This choice of basis simplifies the calculations. In the end,
we will again represent the results in the z-basis. Useful
properties of this basis (which we also use in the Appendix)
are reviewed in the Appendix of [1]. Using (A.2) and (A.3)
from the Appendix, we obtain for (9)

929 G

5¢2 fmn T%\Iz 85 mnfsr

+ Z (%¢*¢+(1+Q2) (XV*X”—£2)) frn(2)
TENQ e rm
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SENQ : ns

A

+ Z <§¢Tm¢ns - 2 (1 - 92) AVvaAfyls) frs(x)

r,sE€N2 '

+(1-192?) i\/g

XZ<\/n_1A(1+)f111 Vnl+ A1)1f11+1

reN2 r2m2 r2 n? r2m2 r2 n?
2 (2+) —v/n2+ (2
+vn Arlml nl n A 1f 1,1
r2m2 T n2 1 2 m2 r2n2+1
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2
—(1=02%) i/ 2
(1-2) /2
X Z -—vm A(H)f 1+1s1‘|'v A(l 1t 1
seN2 n2s2 m?2 n232 m2 s2
—Vm2 1A F 0 VAT )
a2 m2+1s n252 m2 1s
(12)
where
ACE) = AT 442 ACRH) = A3 4944, (13)
We extract the (Ik)-component of (12):
0 (525 0
o —(fmn)) = HO mn + _Vkl;mn = Hkl;mn 5 (14)
2 \ 6¢2 w 2

where

0 _ ﬂ29 2\ 1 1
Hpool = T+(1+Q Y(n +m +1)

+(1+Q2)(n2+m2+1)> 0,111 0,1710,21,20,,2;2
- (1—92) <m5n1+1,k15m1+1,l1
+W§n1,1,k15m1,17”) 52420, 22
- (1—92) (W6n2+1,k25m2+1,l2
Vm2n2 5n2_17k25m2_1712> 81.10,11 (15)

is the field-independent part and
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l2 2 k2 n2

/ (2—
n2 All )16 nl )

12m2 k2n2+1

+vVn2A%H) 5

11 1 nl
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(16)
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The heat kernel e~t° of the Schrodinger operator (10)
can be calculated from the propagator given in [2]. In
the matrix base of the Moyal plane, it has the following
representation:

0
(o™
mn;kl

K’m m+a +a, l(t)

S OO6E)

) 2
—2t
€ 7 5m+k,n+l H

i=1

Kmini;kili ), (17)

e,4()t(2a+u) ( _ 674Qt)m+l72u
| a=22 g\ T
( TaFoz® )

40 a+2u+1 1-0 m-+1—2u
o i i (18)
(1+(2) 1+ 0

SO

Z

1_92 m+1—2u
X e2m< 50 sinh(zrzt)> Xq(t)otmti+d

(19)
where 202 = (u%6/2+ 442), and we have defined
41
(14 02)2e292t — (1—

For {2 =1, the interaction part of the action simplifies
a lot,

Xa(t) = (20)

9)2 e—QQt :

A L wm A2
Vkl;mn = <§¢*¢+2 (Xu*X“—:II ))lm Onk
A ~ ~

+ _¢*¢+2 (XM*X'M_ «/Z'2> ml + ¢lm¢nk

3! nk
(21)

A

= alménk + ankéml + gd)lmd)nk ) (22)

and for the heat kernel, we obtain the following simple
expression:

)

2 . .
(e_tH())mn ul :6ml5kn e_2t02 H e_2t(m1+nl) ’ (23)

2
—2t(m+k?
:(SmlHe (m*+ )7

Kmnki(t) (24)
i=1
where 02 = # +2.
3 Method
Given an operator P on the algebra, we write
Pfun=> (Pmn)icfic =Y fisPrtmn - (25)

k,l k,l
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Then, the composition of two such operators P, ) reads

PQfmn == Z(an)lk(Pflk) == Z (an)lk(Bk)rsfrs

k,l k,l,r,s
= Z(Pflk)le;mn = Z frsPsr;lekl;mn )
k,l k,l,r,s
(26)
hence
[PQ]sr;mn = Z Psr;lekl;mn . (27)
k,l
The trace of such an operator is then given by
TrP = Prnnm - (28)

m,n

Bearing in mind these index rules, we can compute the
regularised one-loop effective action for the model defined
by the classical action (7), which is given by

. 1 [ dt _ _p0
Fll[¢]:_§/ TTI'(G tH—etH).

€

(29)

One way to proceed would be to use the Baker—Campbell—-
Hausdorff formula (it is used e.g., in [12]),

Tr (e_tH - e—tHO) =Tr ((—QtV + gg[HO V]

20 o tH°

(30)

B30, o 10
—g§U{[H V]l+

However, for reasons of convergence, we use the Duhamel
formula instead. We have to iterate the identity

o—tH _ o—tH® _ /t do d (e—o'H e—(t—a)H())
0 dU

t
0
= —/ do e=7H 2y o= (t=)H° , (31)
0 2
giving

o tH — e—tHO _ g /t dt; e—tlHOVe—(t—tl)HO
0

0\? rt t 0 0 0
+<§> /dtl/ dty e 2y e~ (ti—t2) H y o= (t—t))HT 4
0 0

(32)
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We thus obtain!

9 o0
Fflzz/ dt Tr Ve_tH0

2 [e's} t
—9—/ ﬂ/ At Ty Ve V' H Y e (t—tHH°

/ d / at' / dt" ¢ Tr Ve t'H

x Ve ’tu Hy,

” / T / dat' / " / At " Tr Vet H"
2)e t Jo 0 0

% Vef(tllit/”)HoVef(tlit”)HOVei(tﬂftm)HO
+0(6°) (33)
=17, [8] + I, 5[0] + Iy s[8] + I, 4 [0 + O(6°) .

The first term in both expansions coincides. Contributions
to (33) higher than fourth order are finite.

For simplicity, we introduce an additional double index
notation:

2
H Kmini;kili (t) = Kmn;kl (t) .

=1

(34)

Indices not indexed by 1 or 2 are supposed to be double
indices, unless otherwise stated.

Operators H? and V entering the heat kernel obey ob-
vious scaling relations. Defining

Vv

T 1402

0_ HO
14022’

and the auxiliary parameter 7
T=t1 (1 + (22) ,

it leads to operators depending beside on # only on the fol-
lowing three parameters:

1- 02
PTir e (35)
E=e (1+02%), (36)
2
~2 ,UO
B =1ree (37)

The task of this paper is to extract the divergent contri-
butions of the expansion (33). In order to do so, we expand
the integrands for small auxiliary parameters. The diver-
gencies are due to infinite sums over indices occurring in
the heat kernel but not in the gauge field A. After integrat-
ing over the auxiliary parameters, we obtain the divergent

I In the V-bilinear integral we set t; —ty =t —t’ so that the
ts integration goes from 0 to ¢'.
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contributions listed and calculated in the next section. In
the end, we convert the results to z-space using

1 4

where B(z) =3, |, Bmn fmn(2).

4 Calculations

We concentrate on the gauge fields and set A = 0. The A?
term in (16) does not need to be considered, since it leads
to finite contributions in all orders. Let us examine the cal-
culation of the Duhamel expansion (33) order by order.

4.1 First order

To first order the Duhamel expansion (33) of the effective
action yields

0 [ 0
P = Z/ dt D Vitmn <eitH )nm-lk

€ k,l,m,n
/ dte et Z Knmlk {(V A(1+)6 nlkli1
k,l,m,n n? k2
Vn+A(1 61+1k1+” A 61 K1
n2 k2 n2k2+1
-V n2+1Al( )6 nl okl TV m1+1A7('le+)6l1m1+1
n2+41k2 12 m?2

- Ank 11+1 1 +vm A ml

l2 241

-V m2A512k7)5 11

m1> i\ﬁ (1-12%)
124+1m?2 9
5nk

+(1+2%) ((X'V*X”—ﬁc?)lm

(Krxr ) 5lm>} .

The divergences are due to partial traces of the Kernel
K(t), i.e., sums over indices that occur in K (¢), but not in
the gauge fields. There are two relevant traces — no double
index notation is implied here — , namely

> Ko (1)

io: 74Qt(%n+%m7v) (1 —e

n+m+1
= v/ \v (=22 a0
0 (1 Foze )

y 40 n+m—2v+1 1_9 2v
1+0)2 1+0

QQtX m+1 <Z Xﬂ

min(m,n) —4Qt)2v

v=0
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2 (22t — e=221) 2 o
_ o Xa®)™H!
1—X_Q(t)
2 2
(1—022)7 (22t — e=22%)% X (1)
1
><< +m 607(1= X @) +0(t)
B 1 (2m+1)02
- T <1+2m< ot >>+(’)(t) (38)
and
- Vm+1 1—0?
;Z:O\/n—i- +1,n+15m,m(t) n (1+92)2
><<1+2(2t (1 m“ )>+(’) (39)
The partial traces together with (A.3) and (A.6) and the

identity
{2#, AL} =221 A, =2(ZA)

lead to the following result:

1 “1(3 3(1-p?)
re =— [ated = [ 24,647+ 25" P9z
1,1 127r2/dx{ F (29 H AT = (224)

~9 2
P e (3a,ear 2027 s
~ 7 Ine <4AI,*A + 1 (2zA)

—lne3( ;p2)i2(Ap*A")+ln63p2(;+p2)(%A)
—1n63(1_2”2) iQ(ng)}
+0 (%) . (40)

Both, logarithmic and quadratic divergences occur. Some
logarithmic divergences also stem from the constant term
in the expansion of the partial traces (38) and (39), which
will be called subleading divergences.

4.2 Second order

The second-order calculations are quite involved, and there
are numerous contributions. Thus, for the clarity of presen-
tation, we divide the calculations up. According to (33), we

need to calculate
62 dt ¢
FleZ__/ 720 t/ dt/t/
’ 8 € t 0
X Z Vkl;mnK(t/)nm;ab%a;ch<t - t/)dc;lk )
k,l,m,n,a,b,c,d
(41)

where the potential V' is given by (16). Let us rewrite (16)
in a schematic way:
” XQ + A,

V= (42)
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where the part “A” consists of two different blocks, later on
referred to as first and second block. To the second order,
we have to consider two potentials. Therefore, there are
three different contributions which all produce divergent
terms.

421 X2 - X2

First, we 1nsert for both potentials the terms proportional
to X*X 72. We obtain

62 [ dt _, 2,
__U K nm;mn
Y /dtt )

XKt—t kllk 1—|—.Q2) ((X*z ~2)l Onk

(
(X022, o) ((£277),
(X 9) i) +0 ()

= —2(14+0%)° §/ %e_% t/ At't' K (") nmsmn

x K (t— t)k“k (X*Q—i> (X*2 ”2) FO (e %)

dt 720'15
292/ / /dtt

! (X2 #)"+0(&)

“p (1+Q2)
Ine 2 22\ *2
:47T2/d4 (X2-2)" +0(&)

- me s [t ey {(x) @

1272 (14022)

€ —
Ifio1=—

=—(1+ (22

—252(A, % AM) — 47%(3 A) } +0 (%, (43)
where we have used (38). Summation over all indices is
implied.

422 A-X?

Let us examine the field content AC-Y — X2, where A is
taken from the first block. For this contribution to the ef-
fective action is given by the following expression:

2 0o t
TS0 = %\/; (-2 (v ) [ e [Lave
)

X/ nl + 16n1+1k1 Al(li

n?2 k2
X ((32 — i2)ac Oap + (X*2 — i’2> " 5ac>
X K’nm ab(t/)ch;lk(t - t/)5n+a m+b5d+l,c+k

192 2 2 di 72at ¢ .
= 9(1—9)(1+9)/ - /Odtt

(\/nl 1A <X*2—:E2)acKnm;ad(t’)

/
X K l1n1+1(t —t )5n+a,m+d5d1+ll linlin
d2c2;l2 n2 d2+l2, c24-n?2

(44)

H. Grosse, M. Wohlgenannt: Induced gauge theory on a noncommutative space

+ V1Al (X2 - 32) o Eman(t)

/
<K 11 11n1+1(t—t )5n+a,m+b5d1+l1 alinlyl |-
d2a2;l2 n2 d2+l2, a2+n2

(45)

The contribution of line (45) is finite, and line (44) gives
two divergent contributions:

. 6% |2 ©dt 52, [
Fu,m:?\/;(l—ﬁz) (1+92)/€ e 2 t/O dt't’
(46)

 (VATFLAG) (X72-2) 0

K

B Knlml m1+1n1+1(
n2m?2; m2 n?2

+‘/7’ll A(i_‘_l L (X*Q_..

X K1 Cl+1n1+1(t_t/)> +0 (60) :

n2c2; ¢2 n?

The formulae for the partial traces over two kernels are
given in the Appendix, (A.4) and (A.5), resp. Only the
leading terms in the expansions are necessary, since the
subleading terms are already finite.

€
Fll,2.2

_i92 2 2 2 de 72015 ! 141
_?\@(1—9)(1+(2)/6 - /Odtt

1 1— 02
Vml+140-)(B% — 7 t
><( m-+1A4,, ( x ) ;-16 t(1+022) £2(14+022)2
1
Vmt+14% (B = &%) me———se
* 1+1 w1 B = ey oy
1— 02
x ——————(t—t) | +0 ()
t2 (1+Q2)
9 1
x <2A<1>A<1+> A=) 4940 >A1 ) A0$)
cm m1+1a1 +1 1 ac
’m2 CL2 m2 a2
A(l ) A(l A A(l ) A(1+)A(1—)
1+1 1 ca am
’m2 62 ’m2 C
+4A§;;)(2£A)m1§1 é+2A<1121 é(%A)Cm) +0() .

We also need to consider the configuration X2 — A1),
where A is on the second position. The result is similar



H. Grosse, M. Wohlgenannt: Induced gauge theory on a noncommutative space

to the one above, we obtain

Ffz,2.3:
6% [2 ,lne
g — N/ ml
A\ g vVt
><<A1 ANH AL+ AL AUD AL
+1la +1a
’m2 ll2 m2 a2
+24U7 AU AR 42400 A0 A

mliicl

m2 2 m2 c2

+2A0(25A) 10 +4AY o 1(25cA)cm> +0 ()

m2 ¢2 m2 ¢2

From the second block, we obtain the same results as
above. Using (A.7) and (A.12) and taking into account the
contributions from the second oscillator, we obtain

—1Ine

e [T g -2y
122(1+92)2/ z (1-4)

( Apx Al {7, %A}, + 5 {x,,,A ¥, * (i, A" })
(48)

€ _
I 04=

423 A-A

Divergent contributions are built from fields AX*) and
A1) resp., AT and A@) from the same block. Plus
and minus need not to be saturated. Mixed contributions
containing fields from both oscillators are finite.

AU+ — AOH) | Let us consider contributions with the field
content AT -A0+) from the first block. From (41) we
obtain

Ffl 2.5
9 / g —2to? / dt t 02 \/_\/_ A(1+)Aalc+

XKnm;ab( )ch;lk(t t)5k1+1n15b1+1d15n+a,m+b5d+l,c+k

k2 n2 b2 42
(49)
S
4t

t
e_2t‘72/ at't (1-2°)° Vi +1V/d + 1
0
X Al(rlrz+)A£zlc+)Kk1+1 ml al pl (t/)Kb1+1 el gl gl (t - t/)

k2 ,mz;az,b2 b2 ,62;l2,k2
0 [ dt 2 [t
_ _/ _672t0' / dt/t/ (1 _ 92)2
4 € 3 0
1 (1+) (1+) ’
{(k + 1)Al1 1+1Am111+1 k1+1 mlil ml gl (t )
12 m2  m2 2 k2 | m2 ;m?2 k2

)+ VE + 1k 2400

x K

Rle1itqa ! gl (t
K2, 12 12,k2

(1+) ’ ’
x A mlilpo k141 ml ml k1+1(t )Kk1+2 11421 gl (t_t)
m2 2 k2 om2;m2, k2 k2 12 ;12 k2
VEL L1/ kL a+) 404 '
+VEL+ kt+2A mlilya Al Kk1+2 11421 kl(t )
m2 l2 k2 |, 12 ;12,k2

441

XKk1+1m 1k1+1( )}+O( )

k2 m2;m?2, k2

The other contractions of the two kernels yield finite con-
tributions. In the other cases, the difference in indices is
two or bigger, and we have for small ¢

K 8,n+8m,m(t)

()
X (1 _
B ((m; ﬂ) (n;ﬂ»m(l— P X)) (14 O(1))

with 8 € N fixed. With increasing 3 the results are less di-
vergent, for § = 3 already finite. We get

02 2v+0
sinh(zrzt)> Xo(t)ymtnti+l

€ —
I 05=

6 (1-22"
24 \ 14022

Inev/m!+1+v/cl + 1400 40%)

el 1+1 mleclyl
C2 m2 m2 C2
0 [1—22 (1+4) (14) 0
_ﬁ<—1+(22> Inevely/el + A121 éA §1§L1—|—O(6 ) .
(50)

The same contribution comes from the second block.
Therefore, there is an overall factor of 2.

A=) A=),
Similarly, for A®=) A=) —first block — we obtain:

It 26
[e’e] t

:g/ %e_%”?/ dt't’ (1—22)% Valvar Al A%
€ 0

/ /
X Knm;ab(t )ch;lk(t_ t )5k1n1+15b1d1+15n+a,m+b6d+l,c+k
k2 n2 b2 g2

6 (1—2° [l 140 409
:_ﬂ (W) lne\/— ct+ A1+1m mlticl

c2 m2 m2 2

1— 02
—£<—> Inevely/el +14% (116)1_1

12 \ 14922 1C+1m;
+0 (60) .

m2 2

(51)

Again, we have to take into account an overall factor of 2,
which results from the equal contribution from the second
block.

A0+ — A0=) Next, let us consider the contribution AX+)
— A1) from the first block:

/ dt/ 't e (1 - 02)2 Vil /d 1

A(1+)A(l nm ab( )ch;lk<t_t/)

X 5k1+1n1 5b1d1+1 Onta,m+b0dti,ctk
k2 n2 b2 42

1l27
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e8] t
- Z/ %/O 't e (1 - 02)°

{(kl +1)ATH A1)

X Kk1+1 ml ml k1+1(tl)Kk1c1 clil (t - tl) (52)
k2 m2 m2 k2 k2¢ 2 c2k2
(K +1) (k' +2) A<1+>A<1
mliyiel 1
’m2 02
x Kk1+1 ml ml41 k1+2(tl)Kk1+1c1+1 clgl (t - t/)
k2 ,m2; m2 , k2 k2 c2 ;C2k2
(53)
(14) _
(K1 +1) (k1 4-2) A1+1m1+1 A=)
m2
X Kk1+2 ml41 ml k1+1(tl)Kk1c1 cl+1k1+1(t - t/)
k2 , m2 ;m2, k2 k202; c2 k2
(54)
1 1+ 1—
+(k 1At Al
c24+1m241
X Kk1+1 ml ml k1+1(t/)Kklcl cl k1l (t_ tl)
kE241,m2+1;m2, k2 k2¢2;c241,k2+1
(55)
+ (kK +1)ALD A
2+10102+1
X Kk1+1 ml ml k1y+1(tl)K Bl el el gl (t_tl)
k2 ,m2;m2H, k21 k24H1,¢241;¢2 k2
(56)
+0 (60) .
The contribution from the choice A®~) — AQ+)  firgt

block has a similar form:

€ _
Ifios=—+

[e'e] t
9/ ﬁ/ dt't e—2t02 (1_92)2
4 € t 0
{(kl +1)A0) AL
X Kk1 ml ml gl (tl)Kk1+lcl clk1+1(t_tl) (57)
k2,m2 2 k2 k2 2. C2 k2

(k' +1)(k* +2)AL)

1+1c1+1
m2 2
X Kkl 1 mliyn k1+1(tl)Kk1+2c1+1 clk1+1(t_tl)
k2,m2; m?2 |, k2 k2 c2? ;2 k2
1
FH+DE+2)AG ) | AGH (58)
02 m2
X Kk1+1 ml4l ml gl (tl)Kk1+1c1 cl+1k1+2(t_tl)
k2 , m2 ;m2,k2 k2 62; c2 k2
+(k 1At Al (59)
c2+1m2+1
XK 1 1 1 (t/)Kk1+1c1 PR t')
k241,m241;m2 k2 k2 ¢2;¢241,k24+1
+(k 1AL AMD) (60)

m2+lc2+1

x Kkl ml ml

52 m2:m2H kgll(tl)KkIH 51, kl+1(t_t/)}.
ym<;matl, ko4

k241c2H1;c2, k2
(61)

In order to calculate the contractions (52)—(57), we dis-
tinguish between leading and subleading contributions.
Leading contributions stem only from the leading terms
of the infinite sums (A.4) and (A.5). In case of quadratic
divergent contributions, the subleading terms will be loga-
rithmic divergent and need to be considered. The contrac-
tions (52) and (57) allow for these subleading divergences.

Let us first consider the leading order contributions. We
get the following results:

— First contraction, term (52)

F:——/ﬂ ~2to? /dtt

x Al ALY + AGD Al }
1 1
+0 (€
2 (1+92)2 t (14 022) (6 )

(-2 & oo
8 (1+92)3
o A, x A 0
77292 / dodyx a +>,<1—>+O ()
_ 92 2
_ 1 u/d‘ix l+#—91n6—|—491n6
32720 (14 22)° €
X A, x AY 0(60)
(1+),(1-
40
4
Z S|
" 3on 29p /d ( het T ne)
x A, x A" (@) 60 62
(1+),(1-) (<) (62

— Second contraction, term (53)

0
= ptney/ D@ )AL Al 40 ()

m2 02
(63)
— Contraction (54)
Ffl,2.9 =
0 _
577" nev/(m+ (et + DaAGD AR +0(€)
(64)
— Contraction (55)
Ir= —p Iney/(m2+1)(c2+1) A(l+) 1 Al 10 ()
c2+1m2+1
(65)
— Contraction (56)
0 _
= fne/(mAH 1) (@D ALY AN) 40 (&)
m2+1c2+1
(66)
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Since

4W292/d Ay x At =3 (ALD AL + AZDACD)

m,c

by |(14),(1—) we denote the restriction of expressions to the
fields A'T) and A~). We have used this notation e.g.,
in (62). The missing parts are due to the field content
ACH) — AC=) in (41). They complement each other.
Sticking the above contributions together yields

Ffl,z.g =
-1 5 3 3 642 4
In 1 d*z A, A
182" <2ee+ 10 VT ne)/ P A
0
+—p*Iney/(m!+1)(ct +1)
24
(A(”)A (1-) 40+ A(l—)>
141el4 clgimlqr™ me
m2 C2 C2 m2
0
+ @/fl Iney/(m24+1)(c2+1)
1— 1+ -
m2+lc2+1 02+1m2+1

+0 (%) . (67)

From contractions (57)-(61) (i.e., field configuration A®~)
— AU1)) | we obtain the same result as in (67) (i.e., field
configuration A1 +) — A0=)). The second block also gives
the same contributions. Therefore, we obtain an overall
factor of 4.

Next, we have to examine the subleading contributions.
We have to start at the sum of (52) and (57), where we want
to extract the subleading divergences:

€ _
I'Ni910=

_g/oog/t dt/t/ e—2tg2 (1
4 € 3 0

x {AQJM&;W

— %)% (k' +1)

ml k1+1(tl)Kklcl clil (t - tl)

k141 ml
k2 ,m2;m2, k2 k2c2;c2K2
(1— +) ! oy
+Aim Amc K1 kl(t )Kk1+lcl clk1+1(t )¢
k2 ,m2;m?2 k2 k2 c2;c2 k2

Therefore, we expand the partial traces. For example, the
second one yields:

oo

Z (' + D) K11 g (tl)Kk1+1,c1;c1,k1+1(t —t)
k1=0

o
X Z Kk2m2;m2k2 (t/)Kk2+1,c2;02,k2+1 (t - t/)
k2=0

443
= X (t/)m1+m2+2XQ (t _ t/)cl+02+3 e4Qt

x> (k' +1) (Xo(t) Xo(t—t
Kl k2

kK2
)

92

min ml, 1 u
LS ><m><k> emyu(l— (i- g)>
=0 u (7

40

min(k'+1,ch)

e
) (1; (gﬂ (i- em(tm))%
ST (o
. min§,62) <k:> (Cs2> 2=t
" (1 ;{g)z <1 _ e4Q(tt')>)2s

= (1+402t—(m'+m*+2) 1+ 2°)¢'
—(c'+2+3) (1+02%) (t—t))

(=)

1
A= X o Xt — 1))
2t t'? 2(t—t')?
1—()2) (m m? 4+617( 7 )
t_t/2
+c? 2 t4) >+
= (1+402t— (m'+m?+2) 1+ 2%)¢'
—('+?+3) (1+02%) (t-t))
y 1 31+0Y 3 (1-0%)°
(1+22)°%8  (1+22)'2  (1+22)"'

2t/2 t/2 2t_t12
+ (1—02)2 (mlt—4 —|—m2t—4 +Cl%

2 (t—1)°

using Xo(t)™ =1— (1+ £22) mt+ O(t?) and the geometric
series given in (A.1). Thus, we obtain for I'f; , ;, to sub-
leading order the following expressions:

€
Fll ,2.10

0
=15 ‘lne (A(H)A( ) (26 +c )—|—A(17)A(1+) (26 +c ))
Ine [1-—0? 4
_—° P A w A
247r2<1+(22> /d { 1+92) nx
+— A *A"+ x

A, x AP
40 ( * )}’(lJr),(l)

— 1 Ine 1_02 /d4xA *A“‘ +0(60)
16720 1+ 022 . (14),(1-)




444 H. Grosse, M. Wohlgenannt: Induced gauge theory on a noncommutative space

Ine /d4 (1—(22)4
= — r——
1272 (14 22)° (14022)°

1. 1
X (—ZxQ(Au*A“) + %Au *A“)

(1+),(1-)
flne (1—92)4

5 s AL AL (¢ 4+m')
12 (1+22)% (1+22)

(68)

Ine (1—22\° [ , 612
_ - - M
2472 (1+92) /d“’{ a7 e A (69)

i)

GA c Al 4D ~i(4, *A“)}‘

(1+),(1-)

R e /d4xA *A’“ +0 (€)
16726 1+022 " (1H),(1-) ’

(70)

Summation of above contributions. Let us sum the contri-
butions (50), (51), term 2 and 3 of (67) and (68) taking into

account the correct multiplicities. We obtain

Ffl,2.11
4 (1 — 92)4

Ine /
1272 (1+ §22) (1+02?)

« (—%E:Q(AM*A“) + %AM*M) (71)

01 1-22)" _
ne ( ) AS]:_)AI(gln )(nl +k1)

6 (14 122)° (14 22)?

— 2\
g(h—g» mey/(mi+ 1)@ 1)

(14) 41 (1+) (1-)
(A A 1+1c1+1+Ac1+1m1+1AmC )
m2 C2 C2 m2

+12 14422

X <A§}j)A(:1)

i<1_92) Iney/(m2+1)(c2+1)

p +A(1CJ1r) » Aﬁ,{ﬁ)

m2+1c2+1 c2+1m2+1

0 (1—022\"
v 1 (14) 1+
12 <1+92> evmit Vet mé e
(72)

1+Q2 2 m?2 'm1 lc+1
0 (1—(22>
12 \1+ 22 el iml Vml g

Inev/mt +14/cl + A(1 A1)
0 (L2 Vely/et 41457 40D
s \Tx2 ne c 1y

0 /1—02?
_6<—> Inevely/el + A(iﬂl L A0

clyim 1

c2 m?2 rn2 c?

- _ Ine / 4, (1_92)
1272 (1+ 22)° (14 022)?
X (—%EQ(AM*A“) + %A,ﬁA“)

141im 1 mlyicl

c2

_ Ine /
1272 (14 £22)°

Ine (1—92

4
12 1+Qz> {2An1;? AL (nt 4k 41)—2400 A0

1 1 (1) 4 (1) (1 (15)
+ (m +1)(C +1) (Acm Am1+1cl+1+A61+1m1+1Amc )

’m2 62 02 ’m2
—mia1/el 40D (1-) (1-)
+1 +1 (A 1 1+1 ml 1+1+A Taml Am1+1c1
C m2 m2 C2 C2 m2 m2 C2
(73)

mlclyn cl+1m
m2 C2

Vely/ (1) (1) 5 40
- 2 1 + < el1ml A +A mlelg )
C2 m2 02 m2 m2 02

o (1—-02\*
Z (=2 2 2
+12 (1+92) lne{ (m24+1)(c2+1)

1+ — 1—

im? 41 m2 41241
ERVACIESVICESY
w [ 40+ 40-) + 400 A0-)
cm m1—20—1c1<2&-1 c1<2}-1m1<£-1 me

_02)*
d4.’IJ (1 'Q )2
(1+022)

1. 3
X <—§x2(A“ * AM) + %AM*A“>

(1+),(1-)

Ine /1-—022\* 1 , )
192 (—14—92) /d4x {_Z{xV’A bex{Z,, AF}

1
—553,,*55#*14”*14“}

1+),(1-)

Ine (1—-22\"( 1 4 o o
+§(1+—n> {ﬁ/d“’(“)*f‘v

—20 AUD AN (n 42 4 1)}
(14),(1-)

Ine [1—£2? 4 1.
—m<1+—n> / d%{‘i‘fz(f“ﬂ*f‘”) (74)

+2 A * AF — {jU’AV}**{i,l“AH}*

0
1. vooan L. P
—Ea:,,*azu*A *x A —Za:,,*A *T¥ * Ay

(1+),(1-)

We have made use of the matrix base expressions quoted
in the Appendix.

4.2.4 Second order result

In the end, we can add up all the different terms. The result
to the second order is found to be

Ffz,2:
2
—p°lne 4 _§ ~ Su© v (222
e /dx{( = (K XX, 2 X = (2)°)
+35 (AM*A“)Jrg:E?(aEA)) (75)
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13
2 p P 2 2
+< 20A * A +01ne A*A

+1Ine A#*A“——pQAﬂ*:Z’,,*A“*i”>

642
0(1+2)
602
—— A, x AV A, *AY
+< B+ +49 * (77)
CF2 (A, x AF) — %AM*A“
— %pQ:EQ(AM*A”) — %pQAM*A“
_p? (i (@, A}, % {&,, AM}, + %gﬁugﬁy(A“*Au)>)
3 - 3 . _
+ ZAM*AM*{‘/BV?*AV}*—Fz{xlﬂAV}**{xlﬂAu}*

(78)
+0 (60) .

4.3 Third order

In third order, the one-loop effective action is given by

Ffz 3=
dt
/ / dt’ / dt" e —2t52 (79)
5n+a m+b5d+g c+f5v+l u+k
klmnabcd,gf,u’u
X Vkl;mnK(tN)nm;ab%a;ch(t,_tN)dc;gfV}g;uvK(t_tl)vu;lk-

There are two different divergent contributions.

A—A— X2 In order to obtain a divergent contribution
both A fields have to be taken from the same black, one

with index “-” and one with index “+”. So, let us consider

the case AH) A1) B2 where both A1~) and A1) are
taken from the first block of (16). Then, we obtain

€
I 34

3 poo t t/
— 9_/ ﬂ/ dt// dt” t//e72t0'2 (1—|—_(22)
0

(1 - 02) 95n+a m+b5d+g c+f51)+l u+k
XV Alm kl 11V dt+ A(l_ d1+1b1
n?2 d? b2

X Krimsan (t’ )ch;gf(t —t") Kyus (t —t)

« ((BM*BM —502)gu Suf + (B, *B* —552)Uf (5gu)

2 poo t t
. %/ %/0 dt//o dt”t”ei2t0—2 (1—}—(22) (1_92)2

x 3 (d+D)ARD AL (B, +BY — %) (81)

c,d,l,m

XKy pn ot atn () Kacea(t' —t") Kaa(t—t)

d?2 'm2;m?2, d?

+0 (60)
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/ dt/ dt/ dt//t// —2to2 (1—‘,—(22)

x (1-2%)

(82)

2 (14022 t(1+ 92)
< 3 AR AL (B, B” —7%) ,+ 0 ()
c,lym
- —Ilne 1 4 1—02 2 (1 (1-) v ~2
_Wl_ﬁ d.’ﬂ(m) A *A *(BV*B —.T)
+0 (). (83)

There is an equal contribution coming from the second
block. Therefore, we have a multiplicity factor of 12, since
we can additionally rearrange the fields in the product
” AAB?” . Thus, we get

—1Ine

Ffl,:s.l = W

/d4:rp2A# * Al x (A * AY +28A)+0 ().
(84)

A— A— A. All the fields have to be chosen from the same
block of (16). Otherwise the contributions are finite. Either
all three fields are from the same oscillator or only two of
them. In the latter case the signs belonging to the same
oscillator have to be saturated.

We first examine the expression related to the choice
AQ+) = A=) — A=) where all the fields are taken from
the first block. The calculation yields

€
I3

93 [ dt [* ¢
_ G / - / dt’ / dt”t”e_2"2t6n+a7m+b
€ 0 0

91 3/2
X 6d+pyc+q55+l,r+k (1 - 92)3 (_Z) <_> nlAl(Tln+)

(85)

0
X 6k1 11V d'+ A 1_ d1+1b1 Vst + lAﬁ_)éslﬂql

k2 n2

X K( )nm abK(t - t//)dc qu< - s’r lk

3/2 p3
:—i(g) s (1—022) / dt/dt/ At e 20t

(1+) (1
XZA JAQ 1+1T

m,p,T p2 r2

X Z(nl + 1)3/2K(t”)n1+1,m1;ml,n1+1

nl

x K(t' — t”)n1p1;p1+17n1+1K(t )n1r1 rlnl

X Z K(t”)nzmz;mznzK(t/ — t")nzpz;pznz
n2
XK( - /)nz 2.2 n2+0( 0)

_zlne\[ % > Vp+1 AP AGD 1+1 +0 ().

1
m,p,T p2 r2

(86)
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The expression for AT A0 A0+ is of a slightly differ-
ent form:

202(1-2)" 1
I 35=—tilne \/77( ) Y
’ 0 4(1+022)*

x>V 1ALD AL >A<1+1>§1+o(e°) :
m,p,T T
(87)

Both terms, (86) and (87) appear six times. Note the
difference in the overall sign. Therefore, we obtain the
contribution

€
I 34
— € €
=17 32+1133

\/702 1_92 4
=il .
= tlne 916<1+Q2>

XZ 'p + ( (11117‘

rmp

(88)

Plpliyl
2,2

A(1+)A (1- )A(l-i-) )

PT rep

+0 (60) .

Also the field content of the form A+ A1) ACE) pro-
duces a divergent contribution, e.g.,

202 (1-02)" 1
F1134—zlne\/;74(1+02) —
x 3 VER+1AND  AGDAGT o (¢) .
m,p,r l2+1m

(89)

Comparing (A.10) and (A.12), we see that the above ex-
pressions (plus the ones we have omitted here) are equal to

. Ine 3 /1—02\"
Biuss = 1omg \ T
x/d4:c (Ayx AP {F,, A}, — T, x Ay x A” % AM)
+0 () . (90)

Summing up all the partial contributions, we obtain for
the action in the third order:

Ffl,B =
121:: / d'z {ZPQ ((AM*A“)*Q+AM*AM*{QW*AV}*>

—%p‘l (CE”*AM*AV*A”+AM*A”*{£TCV,*A”}*)}
+0 (60) .

(91)

4.4 Fourth order

The fourth order expression of the effective action reads:
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0t dt
e = 720 t / dt / dt/// dt”/ t/// —202¢
92)
X Z 5n+a,m+b5d+e,c+f6h+i,g+j 5q+l,p+k
X Vkl;mnK(tm)nm;ab%a;ch<t” - t”/)dc,ef
X V}E;ghK(t/ - t”)hg;ij ‘Gi;qu(t - tl)qp;lk .
There is only one divergent contribution stemming from
the field content A — A — A — A. All the fields have to come
from the same block. Fields from the second oscillator may
mix with fields from the first in a single expression, but the

signs need to be saturated for each oscillator.
The explicit calculation yields the result:

. —Ine 1
Tia= g | @'t
X (=2 Ak AMY2 = Ak Ay A% AY) + O () |
(93)

4.5 Summed up result

Summing up the order-by-order result, we end up at the
final expression for the gauge field action:

o1 24 c o -
FUZW/&% {5(1—p2) (XV*X —$2>

(94)
+lne ( = (197 (72— ) (R X7 = 32)
61— ((Xﬂ*fcu)” - (552)2>
n)}
where the field strength s given by
Py = =i (2, A], +i[20, Aul, —i[A, A], . (95)

5 Conclusions

Our main result is summarised in (94): Both, the linear
in € and the logarithmic in e divergent term turn out to
be gauge invariant. The logarithmically divergent part is
an interesting candidate for a renormalisable gauge inter-
action. We note that the resulting action has been pro-
posed by R. Wulkenhaar and one of us (H.G.) in previous
reports. As far as we know, this action did not appear be-
fore in string theory. The sign of the term quadratic in the
co-variant coordinates may change depending on whether
fi% < p?. This reflects a phase transition. In a forthcom-
ing work (H.G. and H. Steinacker, in preparation), we were
able to analyse in detail an action like (94) in two dimen-
sions. The case 2=1 (p=0) is of course of particular
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interest. One obtains a matrix model. We shall return to
a study of these models in a forthcoming publication [19].
In the limit {2 — 0, we obtain just the standard deformed
Yang-Mills action. Furthermore, the action (94) allows to
study the limit  — oco.

In addition, we will attempt to study the perturbative
quantisation. One of the problems of quantising action (94)
is connected to the tadpole contribution, which is non-
vanishing and hard to eliminate. The Paris group arrived
at similar conclusions.

Acknowledgements. We want to express our gratitude to
R. Wulkenhaar for valuable contributions at an early stage of
this work. H.G. thanks him for a long standing collaboration.
One of us (H.G.) enjoyed discussions with the Paris group
(V. Rivasseau et al.) in Oberwolfach. M. Wohlgenannt is sup-
ported by the Erwin Schrédinger International Institute for
Mathematical Physics (ESI), Vienna and by the Austrian Sci-
ence Fund, project P18657-N16.

Appendix

Useful geometric series and variants:
Xt'=——
Z -
X
Z nX" = 1—x)

1
C(1-X)

oun  1+X
E (n+1)°X 27(1;:()3,

n=0
oo

Z(n—!—l)nX" =

n=0

o0

> (n+1)Xx"
n=0

2X
(1-Xx)%

Derivatives yield in the matrix basis

(0u)(z) = Z UpqOy foq(@)

p,qEN2

da’ aqu
- Z ¥ra Oxv Oal

p,qEN2

1 . _ _
= —\/59 E . ((51/,1 +100,2) (fpq *a' —at * fpq)
p,q€

+ (0u,1 — i5V,2)(a1 * fpg — qu*al)
+ (0u,3 +10,,4) (fpg * a’—a’ foa)
‘|' (00,3 —100,4) (@° * fpq — frq *a2)) Vpq

Z ( v1+16,2)

,gEN2

X (\/q fp17q1_1 —vpt+ lfp1+17q1> fp2q2

9a' dfp,
ax” oal

00 04
Ozv Oa?

0a? 0 fpy
"o e )
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+ (6y1 —16u2) <\/_f 11 ql—\/q +1f,1 q1+1) P22
G +100) fyr g (VP hage 1 = VI F 121 )
+(0,,3—10,,4) fplql (\/_fp 21,2V @P+1f,e q2+1)>1/’pq

1 . 1T I~
= 7= Z (5u,1+15u,2) q1+11/1p1q1+1— pldfpl,lql
V20 P2 g2 P2 g2

p,qeN?

+ (0,

(vp + 14 1+1q \/_1/}p1q11>
+ (01,3 +10,,4) (\/q—+ 1 — )

p2q®+1

VP

M-l))

(A.

+( 3_151/4 (\/p + 1/1

2+1 q

We also compute Z,, -9 in the matrix basis

2%, - (x)
Z Upg (60,1 (07 )12(2? % foq + fpgx2°) ()
p,qEN2
+5y,2( _1)21(x1*qu—|—qu*x1)(x)
+6,,3(0” )34(53 *qu—l—qu*x )(2)
+5u4( Daz (€% % fpq + fpg )(x))
Z d’pq( 0u,1+10y,2) (a *qu—l—qu*a )
p,qEN?
+ (511,1 - 5V72)(a1*qu+qu*a1)
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Partial traces with two kernels

We do not imply the double index notation here.
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and we also need to consider the following partial sum:
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Expressions in the matrix basis
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